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QUASICONFORMAL EXTENSION OF STRONGLY SPIRALLIKE
FUNCTIONS
TOSHIYUKI SUGAWA
Abstract. We show that a strongly λ-spirallike function of order α can be extended
to a sin(piα/2)-quasiconformal automorphism of the complex plane for −pi/2 < λ < pi/2
and 0 < α < 1 with |λ| < piα/2. In order to prove it, we provide several geometric
characterizations of a strongly λ-spirallike domain of order α. We also give a concrete
form of the mapping function of the standard strongly λ-spirallike domain Uλ,α of order
α. A key tool of the present study is the notion of λ-argument, which was developed by
Y. C. Kim and the author [5].
1. Introduction and main result
An analytic function f on the unit disk D = {z ∈ C : |z| < 1} is called starlike if
f(0) = 0 and if f maps D univalently onto a domain starlike with respect to the origin.
It is well known that a non-constant analytic function f on D with f(0) = 0 is starlike
precisely if Re zf ′(z)/f(z) > 0 in 0 < |z| < 1. In what follows, the function f(z)/z will be
understood as an analytic function a1 + a2z+ . . . on D for an analytic function f on D of
the form a1z + a2z
2 + . . . on D so that the last condition makes sense for z = 0 as well.
An analytic function f on D is called strongly starlike of order α ∈ (0, 1) if f(0) = 0, if
f is non-constant, and if ∣∣∣∣ arg zf ′(z)f(z)
∣∣∣∣ < piα2 , z ∈ D.
The image f(D) of a strongly starlike function f of order α is called a strongly starlike
domain of order α (with respect to the origin). Various geometric characterizations of
those domains are known. See [10] for a summary of such characterizations.
Fait, Krzyz˙ and Zygmunt [4] gave quasiconformal extensions of strongly starlike func-
tions.
Theorem A.A strongly starlike function of order α extends to a sin(piα/2)-quasiconformal
automorphism of C.
Here, for 0 ≤ k < 1, a homeomorphism f : C → C is called k-quasiconformal if f
has locally integrable partial derivatives on C (in the sense of distributions) which satisfy
|∂z¯f | ≤ k|∂zf | a.e. Univalent functions on the unit disk with quasiconformal extension
are important in connection with the Bers embedding of Teichmu¨ller spaces. See [7] for
details.
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Spirallike functions are natural generalization of starlike functions. For a number λ
with −pi/2 < λ < pi/2, an analytic function f on D is called λ-spirallike (or spirallike of
type −λ, cf. [9]) if f(0) = 0, if f is univalent and if f(D) is λ-spirallike (with respect to
the origin). Here, a domain Ω is said to be λ-spirallike (with respect to the origin) if the
λ-spiral segment
[0, w]λ := {w exp(e
iλt) : t < 0} ∪ {0}
is contained in Ω whenever w ∈ Ω. Note that 0-spirallikeness is nothing but starlikeness.
It is well known that a non-constant analytic function f on D with f(0) = 0 is λ-spirallike
if and only if Re e−iλzf ′(z)/f(z) > 0.
Analogously, we can define the notion of strongly spirallike functions. Let λ ∈ (−pi/2, pi/2)
and α ∈ (0, 1). An analytic function f on D will be called strongly λ-spirallike of order α
if f(0) = 0, if f is non-constant, and if
(1.1)
∣∣∣∣ arg zf ′(z)f(z) − λ
∣∣∣∣ < piα2 , z ∈ D.
Since zf ′(z)/f(z) assumes the value 1 at z = 0, we have the inevitable constraint |λ| <
piα/2. The image f(D) of D under a strongly λ-spirallike function f of order α is called
a strongly λ-spirallike domain of order α (with respect to the origin). If we do not need
to specify λ, we will simply call it strongly spirallike of order α. Our principal aim in the
present note is to extend Theorem Afor strongly spirallike functions.
Theorem 1.1. A strongly spirallike function f of order α ∈ (0, 1) extends to a sin(piα/2)-
quasiconformal automorphism of C.
Remark. Betker [1] proved the following: If a Lo¨wner chain f(z, t) satisfies ∂tf(z, t) =
z∂zf(z, t)p(z, t) with | arg p(z, t)| ≤ piα/2, z ∈ D, t ≥ 0, then f(z) = f(z, 0) extends to a
sin(piα/2)-quasiconformal automorphism of Ĉ.
Therefore, if we could find such a Lo¨wner chain for a strongly λ-spirallike function f
of order α, Theorem 1.1 would follow from Betker’s theorem (by replacing C by Ĉ). The
author, however, is not able to find such a Lo¨wner chain for general λ so far. For instance,
a standard Lo¨wner chain for a λ-spirallike function f is given by
f(z, t) = e(1+i tan λ)tf(e−it tan λz), z ∈ D, t ≥ 0
(see [9, Theorem 6.6]). Since
p(z, t) =
∂tf(z, t)
z∂zf(z, t)
=
et
cosλ
[
f(z)
e−iλzf ′(z)
+ i sinλ
]
,
this chain does not necessarily satisfy the assumption of Betker’s theorem for a strongly
λ-spirallike function f of order α unless λ = 0.
The proof of our theorem will be given along the line same as in [4]. We shall use,
however, the idea of λ-argument developed in [5] for a substitute of the usual angle.
In Section 2, we give a couple of geometric characterizations of strongly λ-spirallike
domains of order α. By using it, we prove Theorem 1.1 in Section 3. We also give
additional remarks in Section 3.
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2. Characterizations of strongly spirallike functions
Let λ be a real number with |λ| < pi/2. The λ-argument of a complex number w 6= 0
is defined to be argw − tanλ · log |w| and is denoted by argλw. In other words, θ =
argλw if and only if w lies on the λ-logarithmic spiral (λ-spiral for short) e
iθγλ, here
γλ = {exp e
iλt : t ∈ R}. We denote by Pλ(r, θ) the complex number w with r = |w| and
θ = argλw; namely,
Pλ(r, θ) = re
i(θ+tan λ log r) = exp
[
(1 + i tanλ) log r + iθ
]
.
Here we define Pλ(0, θ) = 0 for any θ. The following elementary property is sometimes
useful:
(2.1) Pλ(r, θ)Pλ(s, t) = Pλ(rs, θ + t).
For a domain Ω ⊂ C with 0 ∈ Ω, we define a periodic function Rλ : R→ (0,+∞] with
period 2pi by
Rλ(θ) = sup{r > 0 : [0, Pλ(r, θ)]λ ⊂ Ω},
which will be called the radius function of Ω with respect to the λ-spirals. We notice that
Rλ is lower semi-continuous, namely, lim inft→θRλ(t) ≥ Rλ(θ). Conversely, if R : R →
(0,+∞] is a lower semi-continuous periodic function with period 2pi, then Ω = {Pλ(r, θ) :
θ ∈ R, 0 ≤ r < R(θ)} is a λ-spirallike domain with 0 ∈ Ω.
If Rλ is continuous at every point, then Ω must be λ-spirallike. This was stated in [10]
without proof for the case when λ = 0. We supply a proof for it in the present note.
Lemma 2.1. Let Ω be a plane domain with 0 ∈ Ω. If Rλ : R → (0,+∞] is continuous,
then Ω is λ-spirallike with respect to the origin. If furthermore Rλ(θ) is finite for every
θ, Ω is a bounded Jordan domain.
Proof. Let Ω0 be the subdomain of Ω given as {Pλ(r, θ) : θ ∈ R, 0 ≤ r < Rλ(θ)}. It is
enough to show that Ω0 = Ω. Suppose, to the contrary, that Ω0 6= Ω. Then there is a
point w0 ∈ ∂Ω0∩Ω. By the definition of Rλ, we must have |w0| > Rλ(θ0) for θ0 = argλw0.
Since w0 ∈ ∂Ω0,there is a sequence wn in Ω0 converging to w0. Let θn = argλwn so that
θn → θ0. Then
lim sup
n→∞
Rλ(θn) ≥ lim
n→∞
|wn| = |w0| > Rλ(θ0),
which violates continuity of Rλ. Thus we have shown that Ω is λ-spirallike. If Rλ is
finite, the correspondence eiθ 7→ Pλ(Rλ(θ), θ) gives an injective continuous mapping from
S1 = ∂D into C. Therefore, we conclude that Ω is a bounded Jordan domain. 
We defined strong λ-spirallikeness of order α for domains in terms of mapping functions.
It is possible to give geometric characterizations of such domains. To state it, we need
the standard λ-spirallike domain
Uλ,α = {Pλ(r, θ) : 0 ≤ θ < 2pi, 0 ≤ r < max{e
Bθ, e−A(2pi−θ)}}
= {exp[(1 + i tanλ)t+ iθ] : 0 ≤ θ < 2pi, t < max{Bθ,−A(2pi − θ)}} ∪ {0},
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where A and B are defined by
(2.2)
{
A = − sin λ cosλ+ cos2 λ tan piα
2
= cos2 λ
(
tan piα
2
− tanλ
)
,
B = − sin λ cosλ− cos2 λ tan piα
2
= − cos2 λ
(
tan piα
2
+ tanλ
)
.
Note that A > 0 and B < 0. We observe that Bθ ≥ −A(2pi − θ) if and only if θ ≤ θ∗ for
0 ≤ θ ≤ 2pi, where
(2.3) θ∗ =
2piA
A−B
= pi
(
1−
tanλ
tan(piα/2)
)
.
We shall use the following parametrization of the boundary of Uλ,α :
(2.4) β(θ) =
{
e[i+B(1+i tan λ)]θ (0 ≤ θ ≤ θ∗)
e[i+A(1+i tan λ)]θ (θ∗ − 2pi < θ < 0).
In view of (2.1), for w0 = Pλ(r0, θ0), we observe
w0Uλ,α = {Pλ(r, θ) : θ0 ≤ θ < θ0 + 2pi, 0 ≤ r < r0max{e
B(θ−θ0), e−A(2pi−θ+θ0)}}.
In particular, w0Uλ,α ⊂ w1Uλ,α whenever |w0| < |w1| and argλw0 = argλw1.
Theorem 2.2. Let λ and α be real numbers with |λ| < piα/2 < pi/2. For a domain Ω in
C with 0 ∈ Ω, each condition in the following implies the others.
(i) There exists a strongly λ-spirallike function f of order α such that Ω = f(D).
(ii) The radius function Rλ of Ω with respect to λ-spirals is bounded, absolutely con-
tinuous on [0, 2pi] and satisfies
(2.5)
∣∣∣∣R′λ(θ)Rλ(θ) + sinλ cosλ
∣∣∣∣ ≤ cos2 λ tan piα2
for almost every θ.
(iii) wUλ,α ⊂ Ω whenever w ∈ ∂Ω.
(iv) wUλ,α ⊂ Ω whenever w ∈ Ω.
For the proof, we first need the following result [6]. Of course, this can also be shown
directly (see [2]).
Lemma 2.3. A strongly spirallike function of order α < 1 is bounded.
We also need results in the theory of Hardy spaces. We extract necessary information
from §§3.4-5 of [3].
Lemma 2.4. Suppose that f ′ ∈ H1 for an analytic function f on the unit disk D. Then the
boundary function f(eit) of f is absolutely continuous and satisfies d
dt
f(eit) = ieitf ′(eit) 6=
0 a.e., where f ′(eit) is the nontangential limit of f ′. In particular, for a Borel subset E of
∂D, f(E) is of linear measure zero if and only if so is E.
Proof of Theorem 2.2. Basically, we can modify arguments in [10] to prove the theorem.
We first show that (i) implies (ii). Assume that Ω = f(D) for a strongly λ-spirallike
function f of order α. Then q(z) = zf ′(z)/f(z) is subordinate to the function
(2.6) Q(z) =
(
1 + ze2iλ/α
1− z
)α
.
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Since Q belongs to the Hardy space Hp for p < 1/α, we have q ∈ Hp for p < 1/α by
Littlewood’s subordination theorem [3, Theorem 1.7]. In particular, q ∈ H1. Since f(z)/z
is bounded by Lemma 2.3, f ′ = qf/z belongs to H1, too. Thus by the above lemma,
f has an absolutely continuous boundary function f(eit) and f ′ has nontangential limit
f ′(eit) which vanishes almost nowhere. In particular, the boundary function of f can be
described by f(eit) = ρ(t)eiΘ(t) with absolutely continuous functions ρ : R → (0,+∞)
and Θ : R→ R with Θ(t+ 2pi) ≡ Θ(t) + 2pi. Let Θλ(t) be the λ-argument of f(e
it); more
explicitly, it can be given by
Θλ(t) = Θ(t)− tanλ · log ρ(t).
Then
q(eit) =
eitf ′(eit)
f(eit)
= Θ′(t)− i
ρ′(t)
ρ(t)
= Θ′λ(t)− i(1 + i tanλ)
ρ′(t)
ρ(t)
and thus
e−iλq(eit) = e−iλΘ′λ(t)−
iρ′(t)
ρ(t) cosλ
.
The last quantity lies in the closed sector | argw| ≤ piα/2 for almost every t by (1.1).
Since q(eit) = eitf ′(eit)/f(eit) 6= 0 a.e., one can conclude that Θ′λ(t) > 0 for a.e. t. In
particular, Θλ : R→ R is a homeomorphism and Θ
−1
λ preserves the sets of linear measure
zero; in other words, Θ−1λ is absolutely continuous. By definition, Rλ can be expressed by
Rλ(θ) = ρ(Θ
−1
λ (θ)). Therefore, Rλ is also absolutely continuous and satisfies the relation
R′λ(Θλ(t)) = ρ
′(t)/Θ′λ(t) for a.e. t. Hence,
e−iλq(eit) =
Θ′λ(t)
cosλ
[
cos2 λ− i
(
R′λ(θ)
Rλ(θ)
+ sinλ cosλ
)]
for θ = Θλ(t). Since the argument of e
−iλq is between −piα/2 and piα/2, we now obtain
(2.5) for a.e. θ.
Secondly, we show that (ii) implies (iii). Assume (ii). Then Ω is λ-spirallike by Lemma
2.1. By integrating the inequality in (2.5), we have
B(θ2 − θ1) ≤ logRλ(θ2)− logRλ(θ1) ≤ A(θ2 − θ1)
for θ1 < θ2, where A and B are the constants given in (2.2). Let θ0 ∈ R and 0 < θ < 2pi.
Applying the above inequalities to combinations of the three numbers θ0 + θ− 2pi < θ0 <
θ0 + θ, we obtain
max{eBθ, e−A(2pi−θ)} ≤
Rλ(θ0 + θ)
Rλ(θ0)
,
which implies that w0Uλ,α ⊂ Ω for w0 = Pλ(Rλ(θ0), θ0). Thus condition (iii) has been
checked.
Thirdly, we show that (iii) implies (iv). For a point w = Pλ(r, θ0) ∈ Ω, let w0 =
Pλ(Rλ(θ0), θ0). Then wUλ,α ⊂ w0Uλ,α ⊂ Ω (recall the observation made right before the
statement of Theorem 2.2). We thus have shown (iii) ⇒ (iv).
Finally, we show that (iv) implies (i) by following the argument of Ma and Minda [8].
Let us assume (iv). Since wUλ,α ∪ {w} contains the λ-spiral segment [0, w]λ for w ∈ Ω,
it implies that Ω is λ-spirallike and, in particular, simply connected. Now we can take
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a conformal homeomorphism f : D → Ω with f(0) = 0, f ′(0) > 0. We may assume that
f ′(0) = 1.
First we show that f(z)Uλ,α ⊂ f(Dr), where r = |z| and Dr = {z : |z| < r}. Indeed,
for a fixed w ∈ Uλ,α, we have f(z)w ∈ f(z)Uλ,α ⊂ Ω by (iv). Thus g(z) = f
−1(f(z)w)
is an analytic function in |z| < 1 and satisfies |g(z)| < 1 and g′(0) = w ∈ Uλ,α ⊂ D.
Therefore, by Schwarz’s lemma, we obtain |g(z)| < |z| for 0 < r = |z| < 1, which implies
f(z)w = f(g(z)) ∈ f(Dr) as required.
Fix an arbitrary point z0 ∈ D with z0 6= 0 and let γ(t) = f(z0e
it) and w0 = f(z0).
By the above observation, we see that the curve γ encloses the domain w0Uλ,α. Thus,
we have the inequalities argw0β
′(0−) ≤ arg γ′(0) ≤ argw0β
′(0+); in other words,
arg [w0β
′(0+)/γ′(0)] ≥ 0 and arg [w0β
′(0−)/γ′(0)] ≤ 0, where β is given in (2.4). Letting
q(z) = zf ′(z)/f(z) as before, we now compute
w0β
′(0+)
γ′(0)
=
i+B(1 + i tanλ)
iq(z0)
=
e−iλ − iB/ cosλ
e−iλq(z0)
=
cosλ(1 + i tan(piα/2))
e−iλq(z0)
=
cosλ
cos(piα/2)
·
eipiα/2
e−iλq(z0)
Therefore,
arg
w0β
′(0+)
γ′(0)
= − arg q(z0) + λ+
piα
2
≥ 0.
Similarly,
arg
w0β
′(0−)
γ′(0)
=
i+ A(1 + i tanλ)
iq(z0)
= − arg q(z0) + λ−
piα
2
≤ 0.
Therefore, we have −piα/2 ≤ arg q(z0) − λ ≤ piα/2. Since arg q is harmonic on D, the
inequalities are both strict. In other words, f is strongly λ-spirallike of order α. In this
way, we have verified condition (i). 
3. Quasiconformal extension and additional observations
In order to prove Theorem 1.1, it is enough to construct a sin(piα/2)-quasiconformal
reflection h with h(0) = ∞ in the boundary of a strongly spirallike domain of order α.
Here, a self-mapping h of the Riemann sphere Ĉ = C ∪ {∞} is called a k-quasiconformal
reflection in the Jordan curve C if h is an orientation-reversing homeomorphism such
that h(z) = z for every z ∈ C, that h = h−1 and that h has locally integrable partial
(distributional) derivatives on C \ {h(∞)} with |∂zh| ≤ k|∂z¯h| a.e. Indeed, a conformal
mapping f of the unit disk D onto the interior Ω of C can be extended to k-quasiconformal
mapping f˜ of Ĉ by setting
f˜(z) =
{
f(z) (z ∈ Ω)
h(f(1/z¯)) (z ∈ Ĉ \ Ω)
(see [7] for details). Note that the above f˜ satisfies f˜(∞) = ∞ when f(0) = 0 and
h(0) =∞.
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Let Ω be a strongly λ-spirallike domain of order α with |λ| < piα/2 < pi/2 and let Rλ
be the radius function of Ω with respect to λ-spirals. Then, by Theorem 2.2, Rλ is a
bounded, absolutely continuous function satisfying (2.5). Therefore, Lemma 2.1 implies
that Ω is a bounded Jordan domain. We now define a reflection h in ∂Ω by
h(Pλ(r, θ)) = Pλ(Rλ(θ)
2/r, θ).
Here, we interpret that h(0) = ∞, h(∞) = 0 when r = 0,+∞, respectively. It is easy
to see that h has locally integrable partial derivatives (in the sense of distributions) on
C \ {0}. To estimate the dilatation of w = h(z), we use the logarithmic coordinates
Z = X + iY = log z and W = U + iV = logw. By the conformal invariance of the
dilatation, we note that |∂ZW/∂ZW | = |∂zw/∂z¯w|. For short, we set ρ(θ) = logRλ(θ).
Using the relation θ = argλ z = Y −X tanλ, we can express W = log h by
W = 2ρ(Y −X tanλ)−X + i [(Y −X tanλ) + (2ρ(Y −X tanλ)−X) tanλ] .
Therefore,
∂XW = −2(1 + i tanλ)ρ
′ tanλ− (1 + 2i tanλ),
∂YW = 2(1 + i tanλ)ρ
′ + i,
and, after simplifications, one has
∂ZW
∂ZW
=
∂XW − i ∂YW
∂XW + i ∂YW
= −e−2iλ
ρ′ + sin λ cosλ
ρ′ + sin λ cosλ+ i cos2 λ
.
Since |ρ′ + sin λ cosλ| ≤ cos2 λ tan(piα/2) by (2.5), we finally obtain∣∣∣∣∂ZW∂ZW
∣∣∣∣ ≤ cos2 λ tan(piα/2)√[cos2 λ tan(piα/2)]2 + cos4 λ = sin piα2 ,
which implies that h is a sin(piα/2)-quasiconformal reflection in ∂Ω. We have finished the
proof of Theorem 1.1.
We end the present note by giving additional observations. In [10], the author empha-
sized a self-duality of strong starlikeness. For a bounded domain Ω in C with 0 ∈ Ω we set
Ω∨ = {w : 1/w ∈ Ĉ \ Ω}. Note that (Ω∨)∨ = Ω when Int Ω = Ω. The self-duality means
that Ω is strongly starlike of order α if and only if so is Ω∨. One can extend this idea
to strong spirallikeness. Suppose that the radius function Rλ of a domain Ω with 0 ∈ Ω
is continuous and bounded. Then Ω is a λ-spirallike Jordan domain by Lemma 2.1 and
Ω = {Pλ(r, θ) : θ ∈ R, r < Rλ(θ)}. By the relation 1/Pλ(r, θ) = Pλ(1/r,−θ) which follows
from (2.1), the domain Ω∨ can be described by Ω∨ = {Pλ(r, θ) : r < 1/Rλ(−θ)}. There-
fore, Ω∨ is λ-spirallike and the radius function R∨λ of Ω
∨ is given by R∨λ(θ) = 1/Rλ(−θ).
In particular, (logR∨λ)
′(θ) = (logRλ)
′(−θ) at every differentiable point. Theorem 2.2 now
yields the following.
Theorem 3.1. Let Ω ⊂ C be a domain with 0 ∈ C. If Ω is a strongly λ-spirallike domain
of order α, then so is Ω∨ = {w : 1/w ∈ Ĉ \ Ω}.
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The radius function Rλ of the standard domain Uλ,α is absolutely continuous and sat-
isfies the equation
(logRλ)
′(θ) =
{
B = − sin λ cosλ− cos2 λ tan(piα/2) (0 < θ < θ∗)
A = − sin λ cosλ+ cos2 λ tan(piα/2) (θ∗ − 2pi < θ < 0).
Therefore, by Theorem 2.2, Uλ,α itself is a strongly λ-spirallike domain of order α.
In the context of duality, it is natural to consider the strongly λ-spirallike domain
Vλ,α = U
∨
λ,α of order α. Explicitly,
Vλ,α = {Pλ(r, θ) : 0 ≤ θ < 2pi, r < min{e
Aθ, eB(θ−2pi)}}.
Its radius function R∨λ (θ) = 1/Rλ(−θ) satisfies
(logR∨λ )
′(θ) =
{
A (0 < θ < 2pi − θ∗)
B (−θ∗ < θ < 0).
We note that Vλ,α is similar to Uλ,α. Indeed, we have Uλ,α = w
∗Vλ,α, where w
∗ =
Pλ(e
Bθ∗ , θ∗) is the other tip of Uλ,α than 1.We now have more characterizations of strongly
λ-spirallike domains of order α.
Theorem 3.2. Let λ and α be real numbers with |λ| < piα/2 < pi/2. For a plane domain
Ω with 0 ∈ Ω and Ω 6= C, the following conditions are equivalent:
(i) Ω is strongly λ-spirallike of order α.
(ii) Ω ⊂ wVλ,α whenever w ∈ ∂Ω.
(iii) Ω ⊂ wVλ,α whenever w ∈ C \ Ω.
Proof. First assume (i). Then Ω∨ is strongly λ-spirallike of order α by Theorem 3.1.
Theorem 2.2 now implies that wUλ,α ⊂ Ω
∨ for w ∈ Ω∨. Thus Ω ⊂ (wUλ,α)
∨ = w′Vλ,α for
w′ = 1/w ∈ C \ Ω. In this way, (iii) follows from (i). Obviously, (iii) implies (ii).
Finally, assume (ii). Then it is easy to see that Ω is a λ-spirallike bounded domain
with the property Int Ω = Ω. Thus (ii) is equivalent to the condition that (1/w)Uλ,α ⊂ Ω
∨
for w ∈ ∂Ω. Since the correspondence w 7→ 1/w gives a bijection from ∂Ω onto ∂Ω∨,
Theorem 2.2 implies that Ω∨ is strongly λ-spirallike of order α. Hence, so is Ω = (Ω∨)∨
by Theorem 3.1. We have shown that (ii) implies (i). 
As in the case of strongly starlike functions, the function kλ,α on D determined by
the differential equation zk′λ,α(z)/kλ,α(z) = Q(z) and the initial conditions kλ,α(0) =
0, k′λ,α(0) = 1 is expected to be extremal in many respects among the class of strongly λ-
spirallike functions of order α. Here, Q is given in (2.6) and therefore kλ,α can be expressed
explicitly by
kλ,α(z) = z exp
∫ z
0
[(
1 + ζe2iλ/α
1− ζ
)α
− 1
]
dζ
ζ
.
We will see that the image domain kλ,α(D) is a dilation of Uλ,α about the origin. Indeed,
g = kλ,α/kλ,α(1) gives a conformal representation of Uλ,α such that g(0) = 0 and g(1) = 1
as we assert in the next theorem.
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Theorem 3.3. The function
g(z) = z exp
∫ z
1
[(
1 + ζe2iλ/α
1− ζ
)α
− 1
]
dζ
ζ
maps D conformally onto Uλ,α in such a way that g(0) = 0 and g(1) = 1 for λ and α with
|λ| < piα/2 < pi/2.
Proof. We write k = kλ,α for brevity. It is enough to see that k(D) = w0Uλ,α for the
point w0 = k(1). By definition, k is strongly λ-spirallike of order α. We denote by Rλ the
radius function of k(D) with respect to λ-spirals. Then, Rλ is absolutely continuous and
bounded by Theorem 2.2.
We first recall that the function Q given in (2.6) maps D onto the sector | argw− λ| <
piα/2. By the form of Q, we observe that argQ(eit) = λ + piα/2 for 0 < t < t1 and
that argQ(eit) = λ − piα/2 for t1 − 2pi < t < 0, where t1 = pi − 2λ/α. If we write
kλ,α(e
it) = ρ(t) exp i(Θλ(t) + tanλ · log ρ(t)) as in the proof of Theorem 2.2, we have the
relation
e−iλQ(eit) =
Θ′λ(t)
cos λ
[
cos2 λ− i
(
R′λ(θ)
Rλ(θ)
+ sinλ cosλ
)]
for θ = Θλ(t). We set θ0 = Θλ(0) and θ1 = Θλ(t1). Then, the above observation yields
the relation
R′λ(θ)
Rλ(θ)
=
{
B (θ0 < θ < θ1),
A (θ1 − 2pi < θ < θ0),
where A and B are given in (2.2). By integrating it, we have
Rλ(θ) =
{
Rλ(θ0)e
B(θ−θ0) (θ0 < θ < θ1),
Rλ(θ0)e
A(θ−θ0) (θ1 − 2pi < θ < θ0).
Since Rλ(θ1) = Rλ(θ1 − 2pi), we have e
B(θ1−θ0) = eA(θ1−θ0−2pi), equivalently, θ1 − θ0 = θ
∗,
where θ∗ is given in (2.3). We have thus seen that Rλ(θ + θ0)/Rλ(θ0) is the same radius
function of the standard domain Uλ,α with respect to λ-spirals. Hence, we conclude that
k(D) = w0Uλ,α for the point w0 = k(1). 
As a by-product of the above proof, we can evaluate a definite integral. With the
notation in the proof, we see that g(eit1) is the other tip w∗ = Pλ(e
Bθ∗ , θ∗) of Uλ,α.
Namely, g(eit1) = exp[i+ B(1 + i tanλ)]θ∗. In view of the expression of g, we obtain the
relation
it1 +
∫ eit1
1
[(
1 + ζe2iλ/α
1− ζ
)α
− 1
]
dζ
ζ
= [i+B(1 + i tanλ)]θ∗.
We take ζ = eit (0 ≤ t ≤ t1) as the path of integration to obtain
iei(λ+piα/2)
∫ t1
0
(
cos( t
2
+ λ
α
)
sin t
2
)α
dt = [i+B(1 + i tanλ)]θ∗.
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Substituting t1 = pi − 2λ/α, we obtain∫ pi−2λ/α
0
cosα( t
2
+ λ
α
)
sinα t
2
dt = e−i(λ+piα/2)[1− iB(1 + i tanλ)]θ∗ =
2pi sin(piα
2
− λ)
sin piα
.
By the change of variables and by letting β = λ/α, we obtain the following formula.
Proposition 3.4. For 0 < α < 1 and −pi/2 < β < pi/2,∫ pi
2
−β
0
cosα(x+ β)
sinα x
dx =
pi sin(pi
2
− β)α
sin piα
.
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